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Abstract
Using approximations, we give several characterizations of separability of bimodules. We also
discuss how separability properties can be used to transfer some representation theoretic properties
from one ring to another one: contravariant finiteness of the subcategory of (finitely generated) left
modules with finite projective dimension, finitistic dimension, finite representation type, Auslander
algebra, tame or wild representation type.
0 Introduction
The notions of approximation and contravariantly finite subcategory were introduced and studied by
Auslander and Smalø [3] in connection with the study of the existence of almost split sequences in a
subcategory. It turns out that these notions are important in the study of representation theory of Artin
algebras. For example, Auslander and Reiten (cf. [1], [2]) proved that certain contravariantly finite sub-
categories of a module category are in one-to-one correspondance to cotilting modules.
Auslander and Reiten ([1], [2]) showed the image of a functor having a right adjoint is contravari-
antly finite, we refer to [20] for a more general result. Now let R and T be rings, and M a (T,R)-
bimodule. Then we have a pair of adjoint functors between the categories of R-modules and T -modules,
and it follows from the Auslander-Reiten result that the evaluation map uM : M⊗R ∗M → T is a right
Im(F)−approximation of T . This observation enables us to study separable bimodules and separable
extensions from the point of view of homological finiteness theory. Separable bimodules have been in-
troduced by Sugano [18]; there has been a revived interest recently, see for example [4], [5], [10] and
[11].
In this note, we will apply approximation theory to study ring extensions. Another aim is to study repre-
sentation theoretic properties that are shared by rings connected by a bimodule.
Let A be an Artin algebra. If P∞s (A), the category of finitely generated left A-modules with finite projec-
tive dimension, is contravariantly finite in the category A-mod of finitely generated left A-modules, then
the finitistic dimension of A is finite (see [1], [2], [8]). Bass conjectured that the the finitistic dimension
of A is finite, if A is a finite dimensional algebra over a field k (cf. [8]). The problem is that P∞s (A) is
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not always contravariantly finite in A-mod (see [2] and [8]), so it is important to find algebras for which
P∞s (A) is contravariantly finite. If T is a biseparable extension of R, then the following properties are
shared by T and R: contravariant finiteness of the category of finitely generated modules with finite pro-
jective dimension; finitistic and Finitistic dimension. In the situation where R and T are Artin algebras,
we have that R is an Auslander algebra if and only if T is an Auslander algebra. If R and T are Artin
algebras connected by a biseparable (T,R)-bimodule, then T is of finite representation type if and only
if R is of finite representation type; this generalizes a result of Jans [9] and of Higman [7]. If two finite
dimensional algebras R and T over an algebraically closed field are connected by a biseparable bimodule,
the T is of tame (resp. wild) representation type if and only if R is of tame (resp. wild) representation
type. Some of these results have been proved in [16], in the case of skew group ring extensions; a skew
group ring extension is a biseparable extension if the order of the group is invertible (compare to [16,
Theorem 1.4]).
Our paper is organized as follows: in Section 1, we recall some preliminary results. In Section 2, we
present some characterizations of separability of bimodules, using approximations, and we discuss how
separable bimodules can be used to construct new separable bimodules. Section 3 is devoted to the study
of representation theoretic properties of rings connected by a (separable) bimodule. In Section 4, we
show that approximations are reflected by separable functors and we show that the conditional expecta-
tion of a Frobenius extension is an approximation.
1 Preliminary results
Let R and T be rings (associative with unit), and let M ∈ T MR be a (T,R)-bimodule. Then the right and
left duals
M∗ = Hom R(M,R) and ∗M = T Hom(M,R)
are both (R,T )-bimodules; the left and right action are respectively given by
r f t(m) = r f (tm) and (m)rgt = ((mr)g)t
for all r ∈ R, t ∈ R, m ∈M, f ∈M∗ and g ∈ ∗M.
A ring extension R/S is a ring homomorphism i : S → R. R is then naturally an S-bimodule. R/S is
called separable if the multiplication map R⊗S R → R splits as a map of R-bimodules.
For a ring T , we consider the following full subcategories of the category of left T -modules T M :
• T -mod, consisting of finitely generated left T -modules;
• P ∞(T ) consisting of modules with finite projective dimension;
• P ∞S (T ) consisting of finitely generated left T -modules with finite projective dimension.
Let k be a commutative Artin ring. Recall that a k-algebra A is called an Artin algebra if A is finitely
generated as a k-module. An Artin algebra is of finite representation type if there are only finitely many
isomorphism classes of finitely generated indecomposable left modules. Now we recall the definition of
finitistic dimension of an Artin algebra [8]:
fin.dim(A) = sup{proj.dim(M) | M ∈ P ∞S (T )}
Fin.dim(A) = sup{proj.dim(M) | M ∈ P ∞(T )}
A conjecture of Bass states that the finitistic dimension of a finite dimensional algebra over a field k is
finite, see [2] and [8] for an introduction and some partial results.
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Now we recall some definitions from [1] and [2] that we will need in the sequel. Recall first that a
covariant functor F : C → Sets is called finitely generated if and only if there exists an object X ∈ C
and a surjective natural transformation C (X ,•)→ F . A contravariant functor is finitely generated if the
corresponding covariant functor C op → Sets is finitely generated.
Definition 1.1 Let C be a full subcategory of the category D .
(i) C is called contravariantly finite in D if for all X ∈ D , the representable functor Hom D(•,X) re-
stricted to C is finitely generated as a functor on C ;
(ii) C is called covariantly finite in D if for all Y ∈ D , the representable functor Hom D(Y,•) restricted
to C is finitely generated as a functor on C ;
(iii) C is called functorially finite in D if C is co- and contravariantly finite in D .
C is a contravariantly finite subcatgeory of D if and only if the following holds: for each X ∈ D , there
exists X1 ∈ C and a morphism f : X1 → X such that Hom C (•, f ) : Hom C (•,X1)→ Hom D(•,X) is
surjective. This means that every map ψ : C → X , with C ∈ C , factors through f :
ψ = f ◦ϕ : C ϕ✲ X1 f✲ X
for some ϕ : C → X1. The map f is then called a right C -approximation of X . Observe that a right C -
approximation is not unique. Left C -approximations are defined dually. Pairs of adjoint functors induce
approximations:
Lemma 1.2 ([1],[2]) Suppose that F : C →D has a right adjoint G. Then Im(F), the full subcategory
of D , consisting of objects of the form F(C) with C ∈ C , is contravariantly finite in D . For any X ∈ D ,
the counit map εX : FG(X)→ X is a right Im(F)-approximation of X. Im (G) is covariantly finite in C .
Proof. Let η : 1C → GF be the unit of the adjunction. Then for all C ∈ C , we have
εF(C) ◦F(ηC) = 1F(C)
Consider f : F(C)→ X in D . ε is a natural transformation, so we have a commutative diagram
FGF(C)
FG( f )
✲ FG(X)
F(C)
εF(C)
❄ f
✲ X
εX
❄
We then compute
f = f ◦ εF(C) ◦F(ηC) = εX ◦FG( f )◦F(ηC)
and this is exactly the factorization that we need. 
Lemma 1.2 has been generalized in [20]: let T be a full subcategory contravariantly finite of C . Then
F(T ), the full category of D consisting of objects isomorphic to some F(T ), with T ∈ T , is a contravari-
antly finite subcategory of D .
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2 Separable bimodules
The aim of this section is to produce some new separable bimodules from given separable bimodules.
Separable bimodules were introduced by Sugano [18] and studied recently in [4], [5], [10] and [11],
among othres. We recall the definition from [5]. Let R and T be rings. Given a bimodule T MR, there is a
natural T -bimodule homomorphism,
uM : M⊗R ∗M → T, ‘uM(m⊗ f ) = (m) f
Definition 2.1 M is called a separable bimodule, or T is called M-separable over R, if uM is a split
T -T -epimorphism.
Remark 2.2 It is easy to see that M is separable if and only if there exists e = ∑mi⊗ fi ∈M⊗R ∗M such
that uM(e) = 1T and te = et, for all t ∈ T . e is then called a separable element of M [10].
Definition 2.3 A bimodule T MR is called biseparable if M and M∗ are separable and T M, MR are finitely
generated projective modules.
Assume that MR is finitely generated projective. Then the evaluation map M → ∗(M∗) = RHom(M∗,R)
is an isomorphism. Identifying M and ∗(M∗) = RHom(M∗,R), we find that uM∗ : M∗⊗T M → R is the
evaluation map given by
uM∗( f ⊗m) = f (m)
Definition 2.4 A ring extension R/S is called biseparable if RRS and SRR are biseparable bimodules.
To a bimodule T MR, we can associate an adjoint pair of functors (F = M⊗R•,G = T Hom(M,•) between
the categories RM and T M of respectively left R-modules and left T -modules. The same formula defines
an adjoint pair of functors between the categories of bimodules RMT and T MT . Using approximations,
we now easily find the following characterizations of the separability of a bimodule.
Theorem 2.5 Let T MR be a bimodule. Then the following statements are equivalent.
1) T MR is separable, that is, uM : M⊗R ∗M → T is a split T −T−epimorphism;
2) there exists a split epimorphism of T -bimodules φ : M⊗R ∗M → T ;
3) there exists a split epimorphism of T -bimodules φ : M⊗R X → T for some bimodule RXT ;
4) T is a direct summand M⊗R ∗M as a T -bimodule.
Proof. The implications 1)⇒ 2)⇒ 3) and 1)⇒ 4)⇒ 2) are obvious, and we are done if we can show
that 3) implies 1). We have seen in Section 1 that Im(F) is a contravariantly generated subcategory of
T MT , and
uM : M⊗R ∗M → T, uM(m⊗ f ) = (m) f
is a right Im (F)-approximation of T TT . This means that for any T -bimodule morphism φ : M⊗R X → T ,
there exists a T -bimodule map φ1 : M⊗R X → M⊗R ∗M such that φ = uM ◦φ1. If φ is split, then uM is
also split, and T MR is separable. 
Let A/S be a ring extension (in other words, we have a ring homomorphism i : S → A). Then we have
two bimodules AAS and SAA, and A/S is a separable extension if and only if AAS is separable, while A/S
is a split extension if and only if SAA is separable (see [10]). From Theorem 2.5, we immediately obtain
the following result.
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Corollary 2.6 A ring extension A/S is separable if and only if A is a direct summand of A⊗S A as an
A-bimodule; A/S is split if and only if S is a direct summand of A as an S-bimodule.
Let X be a T -bimodule. An element x ∈ X is called faithful if x · t = 0 implies t = 0. Denote
T Z f (X)T = {x ∈ X | x is faithful and x · t = t · x, ∀ t ∈ T }
Lemma 2.7 Let M be a T -R-bimodule. Then M⊗R ∗M contains a submodule N which is isomorphic to
T as a T -bimodule if and only if T Z f (M⊗R ∗M)T 6= Φ
Proof. Suppose that N is a submodule of T M⊗R ∗MT and φ : T → N is a T -bimodule isomorphism. It is
easy to see that e = φ(1) is a casimir element of M⊗R ∗M [10]. If et = 0, then φ(t) = 0, and then t = 0.
Therefore e ∈ T Z f (M⊗R ∗M).
Conversely, let e ∈ T Z f (M⊗R ∗M). Then Te is a T -subbimodule of M⊗R ∗M. It is easy to see that Te is
isomorphic to T as a T -bimodules. 
We will now discuss how to produce separable bimodules from given separable bimodules.
Theorem 2.8 Let T MR be separable and RNS a bimodule such that the evaluation map
u
∗M
N : N⊗S RHom(N,∗M)→ ∗M, u
∗M
N (m⊗ f ) = (m) f
is a split R-T -epimorphism. Then T M⊗R NS is separable.
Proof. We have an S-T -bimodule isomorphism
T Hom(M⊗R N,T)∼= RHom(N,T Hom(M,T ))
It follows that we also have a T -S-bimodule isomorphism
(M⊗R N)⊗S ∗(M⊗R N)∼= M⊗R (N⊗S RHom(N,∗M)
From the fact that u∗MN is a split R-T -epimorphism, it follows that ∗M is an R-T -direct summand of
N⊗S RHom(N,∗M). Then T is a T -T -direct summand of of (M⊗R N)⊗S ∗(M⊗R N), and Theorem 2.5
tells us that M⊗R N is separable. 
As a special case, we have the following consequence.
Corollary 2.9 Let T MR and RNS be separable bimodules. Then T M⊗R NS is also a separable bimodule.
Proof. Let RNS be separable. It is easy to see that u∗MN : N⊗S RHom(N,∗M)→ ∗M, u
∗M
N (m⊗ f ) = (m) f
is a split R−T -epimorphism (see also the proof of Lemma 3.1), and it follows from Theorem 2.8 that
T M⊗R NS is separable. 
Theorem 2.10 Let T MR be separable and SXR biseparable. Then Hom R(M,X) is a separable T -S-
bimodule.
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Proof. Set N =Hom R(X ,M), ∗N = T Hom(N,T ). We will prove that N⊗S ∗N contains T as a T -bimodule
direct summand, and then, by Theorem 2.5, N is separable. It is easy to see that X ⊗R T Hom(M,T ) is
an S-T -bimodule. If we can prove that N ⊗S (X ⊗R T Hom(M,T )) contains T as a T -bimodule direct
summand, then it follows from Theorem 2.5 that T is a direct summand of T N⊗S ∗NT . From the bisepa-
rability of SXR, it follows that
φ : Hom R(X ,M)⊗S X →M, φ( f ⊗ x) = (x) f
is a split epimorphism, hence T MR is a direct summand of Hom R(X ,M)⊗S X . Then (Hom R(X ,M)⊗S
X)⊗R T Hom(M,T ) contains M⊗R⊗RT Hom(M,T ) as a T -bimodule direct summand. Since T MR is sep-
arable, T TT is a direct summand of M⊗R T Hom(M,T ), and then it is a direct summand of (Hom R(X ,M)⊗S
X)⊗R T Hom(M,T ). Since
N⊗S (X ⊗R T Hom(M,T ))∼= (Hom R(XR,MR)⊗S X)⊗R T Hom(M,T ),
T TT is a direct summand of N⊗S (X ⊗R T Hom(M,T )). The proof is finished. 
Theorem 2.11 Let T MR be a separable bimodule and N an T -R-bimodule. Then T (M⊕N)R is separable.
Proof. We have an R-T -bimodule isomorphism
∗(M⊕N)∼= ∗M⊕ ∗N
Therefore we have T -bimodule isomophisms
(M⊕N)⊗ R∗(M⊕N)∼= (M⊕N)⊗R (∗M⊕ ∗N)
∼= (M⊗R ∗M)⊕ (M⊗R ∗N)⊕ (N⊗R ∗M)⊕ (N⊗R ∗N)
If M is separable, then T is T -bimodule direct summand of M ⊗R ∗M, by Theorem 2.5. Then T is
also a T -bimodule direct summand of (M⊕N)⊗R ∗(M⊕N), and, again by Theorem 2.5, T (M⊕N)R is
separable. 
Let n be a positive integer and M a module. The direct sum of n copies of M is denoted by Mn.
Theorem 2.12 T MR is separable if and only if T MnR is separable.
Proof. One implication is a direct consequence of Theorem 2.11. Conversely, assume that T MnR is
separable. ∗(Mn)∼= (∗M)n, so we have an isomorphism
Mn⊗R ∗(Mn)∼= (M⊗R ∗M)n
2
It follows from the separability of Mn that the map
uMn : (M⊗R ∗M)n
2
→ T, uMn(mi⊗ f i) = ∑(mi) f i
is a split epimorphism. Here mi⊗ f i ∈M⊗R ∗M denotes the i-th component of an element (M⊗R ∗M)n2 .
Let e = (ei) be a separability element of (M⊗R ∗M)n
2
. It is easy to see that the sum ∑ei of all entries of
e is a separability element of M. Therefore M is a separable bimodule. 
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3 Representations of rings related by a bimodule
There have been various studies of properties shared by rings R and T related by a bimodule T MR. A
precursor of these studies is the Higman’s Theorem [7], stating that a finite group has finite representa-
tion type in characteristic p if and only if its Sylow p-subgroup is cyclic. This result appeared later as a
Corollary of Jans’ Theorem [9]: for an Artin algebra R ⊇ T in a split separable extension, R has finite
representation type if and only if T has finite representation type.
More results of this type can be found in [5]. In this Section. we are mainly interested in representa-
tion theoretic properties shared by rings related by a bimodule, such as: contravariantly finiteness of the
subcategory of modules with finite projective dimension, Finitistic (or finitistic) dimension and repre-
sentation types, Auslander algebras. Some of these were discussed in [16], in the special case of a skew
group ring extension. We will generalize Jans’ result to biseparable bimodules. We will prove the fol-
lowing result, for finite dimensional algebras R and T over an algebraically closed field : if there exists a
bimodule T MR, then T is of tame (resp. wild) representation type if and only if R is of tame (resp. wild)
representation type. It would be of interest to have an Auslander-Reiten theory related to bimodules. We
refer to [16] for some results on skew group ring extensions.
For a bimodule T MR, we have the adjoint pair (F = M⊗R •,G = T Hom(M,•)) from RM to T M . For a
subcategory T of T M , we denote by DS(T ) the full subcategory of T M consisting of T -modules iso-
morphic to a direct summand of X in T , by DSIm(F) the full subcategory of T M consisting of objects
isomorphic to a direct summand of F(X), where X ∈ RM .
The following elementary Lemma will be a key tool in our subsequent results.
Lemma 3.1 Let T MR be a separable bimodule. Then T M = DSIm(F).
Proof. For a left T -module N, consider the left R-module
∗MN = T Hom(M,N)
We have a left T -module homomorphism
uN : M⊗R ∗MN → N, uN(m⊗ f ) = (m) f
Let e = ∑mi⊗ fi be a separability element of M, and consider the map
vN : N →M⊗R ∗MN , vN(x) = ∑m j⊗ f j · x
Here f j · x ∈ ∗MN is defined by the formula (m)( f j · x) = ((m) f j)x, for all m ∈ M. Now we claim:
1) vN is left T -linear. Indeed, for all t ∈ T and n ∈ N, we have
vN(t · x) = ∑m j⊗ f j · (tx) = [(∑m j⊗ f j) · t] · x
= t(∑m j⊗ f j) · x = t(∑m j⊗ f j · x) = tvN(x)
2) uN ◦ vN = idN : for all x ∈ N, we have
(uN ◦ vN)(x) = ∑(m j) f j · x = x
This means that uN is a split epimorphism of left T -modules and N is a direct summand of M⊗R ∗MN . 
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Let T/R be a ring extension, and consider the adjoint pair (F = T ⊗R •,G), where F is the induction
functor, and G is the restriction of scalars functor, between the categories of left R-modules and left T -
modules. We have a second adjoint pair (F ′ = RT ⊗T •,G′ = RHom(T,•)) between the categories of left
T -modules and left R-modules.
Proposition 3.2 Let T/R be a separable extension with T projective as a right R-module and assume
that proj.dim(RT )< ∞. Then DSF(P∞(R)) = P∞(T ). Moreover, if P∞(R) is contravariantly finite in RM ,
then P∞(T ) is contravariantly finite in T M .
Proof. Let X ∈ RM with projective dimension m. Since TR is projective, proj.dim(T T ⊗R X) ≤ m.
Then we have F(P∞(R)) ⊆ P∞(T ), and then DSF(P∞(R)) ⊆ P∞(T ) because P∞(T ) is closed under
taking direct summands. Now let Y ∈ P∞(T ). By the change of rings Theorem ([19, section 4.3]),
proj.dim(RY ) ≤ proj.dim(TY )+ proj.dim(RT ) < ∞. T TR is separable, so we can apply Lemma 3.1, and
we find that TY is a direct summand of F(Y ), proving the first assertion.
Assume that P∞(R) is contravariantly finite in RM . By [20, Theorem 2.1], F(P∞(R)) is contravari-
antly finite in T M . We will next show that DSF(P∞(R)) is contravariantly finite in T M . Let Y be a
left T -module, and Y0 → Y be a right F(P∞(R))-approximation of Y . We verify that Y0 → Y is also
a right DSF(P∞(R))-approximation of Y . Take Z ∈ DSF(P∞(R)), and let a morphism g : Z → Y .
Z ∈ DSF(P∞(R)), so there exists Z1 ∈ F(P∞(R)) and a split T -monomorphism i : Z → Z1. Let pi be
a left inverse of i. Then there is a T -homomorphism h : Z1 → Y0, with g ◦ pi = f ◦ h. It follows that
g = g◦pi◦ i = f ◦h◦ i, and g factors through f . Then DSF(P∞(R)) is contravariantly finite, and therefore
P∞(T ) is contravariantly finite in T M . 
Theorem 3.3 Let T/R be a biseparable extension. Then
1. P∞(R) is contravariantly finite in RM if and only if P∞(T ) is contravariantly finite in T M ;
2. P∞s (R) is contravariantly finite in RM (resp. in R-mod) if and only P∞s (T ) is contravariantly finite
in T M (resp. in T -mod);
3. Fin.dim T = Fin.dim R;
4. fin.dim T = fin.dim R.
Proof. One implication of 1) follows immediately from Proposition 3.2. We prove the converse direction.
First we show that
DSF ′(P∞(T )) = P∞(R)
It is easy to show that DSF ′(P∞(T )) ⊆ P∞(R). Conversely, take Y ∈ P∞(R). T is projective as a right
R-module, and proj.dim(T T ⊗R Y ) < ∞, so proj.dim(RT ⊗T (T T ⊗R Y )) < ∞. Using the fact that RTT is
separable, we obtain that Y is an R-module direct summand of F ′(T T ⊗R Y ), that is, Y ∈DSF ′(P∞(T ).
Now suppose that P∞(T ) is contravariantly finite. By [20, Theorem 2.1], F ′(P∞(T )) is contravariantly
finite in RM , and then DSF ′(P∞(T )) is contravariantly finite (compare to the proof of Proposition 3.2).
Consequently P∞(R) is contravariantly finite in M .
The proof of 2) is similar to the proof of 1), because T is finitely generated and projective as a left and
right R-module. We omit the details.
Now we prove 3). Take X ∈ P∞(T )with projective dimension m. proj.dim(RT )= 0, hence proj.dim(RX)≤
m. and we claim that we have equality: the projective dimension of F(X) is smaller than the projective
dimension of X as an R-module, and, by Lemma 3.1, X is a T -direct summand of F(X).
8
It follows that m≤ Fin.dim R, and Fin.dim T ≤ Fin.dim R. We are done if we can show that Fin.dim T ≥
Fin.dim R. Take Y ∈ RM with projective dimension n. It is easy to see that proj.dim(T T ⊗R Y )≤ n and
proj.dim(RT ⊗T (T ⊗R Y )) ≤ n. If proj.dim(T T ⊗R Y ) < n, then proj.dim(RT ⊗T (T ⊗R Y )) < n, and Y ,
being a direct summand, has projective dimension stricty smaller than n, contradicting the assumption on
Y . We conclude that proj.dim(T T ⊗RY ) = n and n≤ Fin.dim T . This shows that Fin.dim T ≥ Fin.dim R.
The proof of 4) is similar to the proof of 3), using the fact that T is finitely generated as a left and right
R-module. 
Theorem 3.4 Let Suppose T/R be a biseparable extension of Artin algebras. Then
1. dom.dim T = dom.dim R;
2. T is an Auslander algebra if and only if R is an Auslander algebra.
Proof. 1) Let
0 → T → I0 → I1 → ··· → Ii → ···
be a minimal injective resolution of T . The restriction of scalars functor G preserves injectives, so this
resolution is also an injective resolution of T as an R-module. Now RR is a direct summand of RT , so we
have an injective resolution of R
0→ R→ I′0 → I′1 → ··· → I′i → ···
with I′j an R-module direct summand of I j, for all j.
If dom.dim T = ∞, that is, every I j is projective, then I′j is projective since I j is projective in RM , and
dom.dim R = ∞.
If dom.dim T = n, then In is not projective as a T -module, and the same argument as in the case where
dom.dim T = ∞ shows that dom.dim R ≥ n. If dom.dim R > n, then the R-injective resolution of T has
the property that In is projective as an R-module. This implies that T ⊗R In is a projective T -module,
and In is a projective T -module, since it is a T -direct summand of T ⊗R In. This is a contradiction, so it
follows that dom.dim R = n, finishing the proof of part 1).
2) Recall that an Artin algeba T is an Auslander algebra if and only if glob.dim T ≤ 2 and dom.dim T ≥ 2.
From [5, Theorem 2.6], we know that the global dimensions of R and T are equal. Combining this with
part 1), we find 2). 
Remark 3.5 Theorem 3.4 has been proved in [16], in the case of skew group ring extensions.
Proposition 3.6 Let R and T be Artin algebras, and assume that there exists a biseparable (T,R)-
bimodule M. Then R is of finite representation type if and only if T is of finite representation type.
Proof. Assume that R is of finite representation type. It follows from the separability of M and Lemma 3.1
that the full subcategory ind(T M ) of T M consisting of finitely generated indecomposable modules co-
incides with the full subcategory ind(DSIm(F)) of DSIm(F) consisting of finitely generated indecom-
posable modules. ind(DSIm(F)) is of finite representation type since R is of finite representation type,
and it follows that ind(T ) is of finite representation type. The converse implication follows from the fact
that the (R,T )-bimodule M∗ is biseparable. 
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Corollary 3.7 Let A be a finite dimensional algebra over a field k. If there is a separable bimodule AMk,
then A is of finite representation type.
Proof. We note that ind(kM ) contains just one object. It then follows from the proof of Proposition 3.6
that A is of finite representation type. 
From now on we assume that R and T are finite dimensional Artin algebras over an algebraically closed
field k. Any finite dimensional k-algebra is Morita equivalent to a basic algebra of the form kQ/I. Q is
called the Gabriel quiver of A (cf. [17]). Recall that a quiver Q is a pair (Q0,Q1), where Q0 is the set
of vertices and Q1 is the set of arrows. A k-algebra A = kQ/I is of tame representation type if for each
dimension vector z∈NQ0 , there exist finitely many parametrizing A-k[t]-bimodules M1, · · · ,Ms satisfying
the two following conditions:
1. every Mi is finitely generated and free as a right k[t]−module;
2. every indecomposable A-module X for which dimX = z is isomorphic to a module of the form
Mi⊗ (k[t]/(t−λ)), with i ∈ {1, · · · ,s} and λ ∈ k.
It was proved in [12],[13] that A is of tame representation type if and only if A is weakly tame. This means
that for every z ∈ NQ0 , there is a family of finitely generated A-k[t]-bimodules M1, · · · ,Ms such that each
indecomposable A-module X with dimX = z is a direct summand of Mi⊗k[t] S for some i∈ {1, · · · ,s} and
a simple k[t]−module S.
Proposition 3.8 Let R and T be finite dimensional algebras over an algebraically closed field.Then R is
of tame representation type if and only if T is of tame representation type.
Proof. We divide the proof into two parts. First, we show that we can restrict attention to the situation
where T and R are basic. Then we prove the Theorem for basic algebras R and T .
Let T ′ be the basic algebra of T . Then there is a (T ′,T )-bimodule X that induces an equivalence
F1 = X ⊗T • : T M → T ′M . We claim that T ′X ⊗T MR is biseparable. Firstly, since T ′XT and T MR
are separable, by Corollary 2.9 we have that F1(M) is separable. Secondly, we have an isomorphism of
(R,S)-bimodules:
Hom R(X ⊗T M,R)∼= Hom T (X ,Hom(M,R))
T ′XT is biseparable, because it induces a Morita equivalence. It follows from Theorem 2.10 that
Hom T (X ,Hom R(M,R)) is separable. Third, we can easily verify that F1(M)R and T ′F1(M) are finitely
generated projective. Then we have that T ′X ⊗T MR is biseparable. Dually, let R′ be the basic algebra of
R and RYR′ the bimodule inducing an equivalence G1 = •⊗R YR′ : MR →MR′ . A similar argument shows
that F1(M)⊗R Y is a biseparable (T ′,R′)-bimodule. So without loss of generality, we can assume that T
and R are basic algebras and T MR is biseparable.
Assume that R = kQ/I is of tame representation type. We will prove that T = kΓ/J is weakly tame.
Let w = (w(i))i∈Γ0 be a dimension vector. We prove that there are only finitely many dimension vectors
v=(v( j)) j∈Q0 with v= dimG(N) for some T -module N with dimN =w. Let P( j) be the indecomposable
projective R-module corresponding to the vertex j. Then we have an isomorphism
Hom R(P( j),G(N))∼= Hom T (M⊗R P( j),N)
Hom T (M⊗R P( j),N) is a direct summand of HomT (M,N), and it follows that
dimkHom R(P( j),G(N))≤ dimkHom T (M,N)
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for all j. The left hand side has an upper bound dimkHom k(M,k∑w(i)). Therefore there are only finitely
many dimension vectors v = (v( j)) j∈Q0 with v = dimG(N) for some T -module N with dimN = w. Let
indR(v) denote the subcategory of RM consisting of indecomposable modules with dimension vector
v. Since R is tame, there are finitely many (R,k[t])-bimodules Mi which are finitely generated free right
k[t]]-modules and parametrize all indR(v), where z fullfils the above estimation. Let M′i =M⊗R Mi. Then
we have that any indecomposable left T -module N with dimN = z is isomorphic to a direct summand of
M′i ⊗k[t] S for some simple k[t]-module S. This proves that T is weakly tame. For the converse direction,
we use the separability of the (R,T )-bimodule M∗ and the tameness of T . The arguments are then the
duals of the ones presented above. 
Combining Propositions 3.6 and 3.8 with Drozd’s tame-wild dichotomy theorem [6], we obtain the fol-
lowing result.
Theorem 3.9 Let R and T be finite dimensional algebras over an algebraically closed field, and T MR a
biseparable bimodule. Then
1. R is of finite representation type if and only if T is of finite representation type;
2. R is of tame and infinite representation type if and only if T is of tame and infinite representation
type;
3. R is of wild representation type if and only if T is of wild representation type.
4 Right approximations
It is a difficult problem to decide which subcategories are contravariantly finite, and to find a right approx-
imation (see [1], [2], [20]). In this Section, we will see that separable functors reflect approximations.
Then we give some descriptions of split extensions and Frobenius extensions.
Let F : C →D be a covariant functor. F induces a natural transformation
F : Hom C (•,•)→ Hom D(F(•),F(•)), FC,C′( f ) = F( f )
Recall from [14] that F is called separable if F splits as a natural transformation, that is, there exists a
natural transformation
P : Hom D(F(•),F(•))→ Hom C (•,•)
such that P ◦F is the identity natural transformation on Hom C (•,•). For a detailed study of separable
functors, we refer the reader to [4].
Proposition 4.1 Let F : C →D be a separable functor, and T a full subcategory of C . Let C1 ∈ T and
C ∈ C , and a morphism f : C1 →C. If F( f ) : F(C1)→F(C) is a right (resp. a left) F(T )-approximation
of F(C), then f : C1 →C is a right (resp. a left) T -approximation of C.
Proof. Assume that F( f ) : F(C1)→ F(C) is a right F(T )-approximation of F(C). Let g : B →C be a
morphism in C . Then there exists a morphism h : F(B)→ F(C) in D such that the following diagram
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commutes:
F(B)
h
✲ F(C1)
F(B)
F(1B)
❄ F(g)
✲ F(C)
F( f )
❄
that is, F(g) = F( f ) ◦h. It follows from the separability of F that we have the following commutative
diagram in C :
B
P (h)
✲ C1
B
1B
❄ g
✲ C
f
❄
or g = f ◦P (h). This means that f : C1 →C is a right T -approximation of C. The proof in the case of a
left approximation is similar. 
We will now study ring extensions from the point of view of approximations. Consider a ring extension
R/S. We use the following notation for the restriction of scalars functors:
G′ : MR → MS and G : SMR → SMS
It is well-known that G and G′ have a right adjoint and a left adjoint, and it follows that Im(G) (resp.
Im(G′)) is covariantly and contravariantly finite im SMS (resp. MS) (see Section 1), and we can construct
left and right approximations. In particular, a right Im(G)-approximation of SSS is the map φ : R∗→ S,
mapping f ∈ R∗ to f (1). φ is also a right Im(G′)-approximation of SS
Proposition 4.2 If φ : SRR →HomS(R,S) is an isomorphism of (S,R)-bimodules, then E = φ(1) : SRS →
S is a right Im(G)-approximation of SSS, and also a right Im(G′)-approximation of SS.
Proof. We know that uS : SR∗⊗R RS → S is a right Im(G)-approximation of SSS. We have the following
commutative diagram of S-bimodules:
R
E
✲ S
R⊗R R
∼=
❄
S
=
❄
R∗⊗R R
φ⊗1R
❄ uS
✲ S
=
❄
All the vertical maps are isomorphisms, so E is a right Im(G)-approximation of S. uS is also a right
Im(G′)-approximation of S, and the same is true for E . 
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Corollary 4.3 If R/S is a Frobenius extension, with Frobenius system {E,xi,yi}, then E : R → S is a
right Im(G)-approximation of SSS.
A right Im (G′)-approximation E : R → S of SS is called non-degenerate if Ker(E) contains no non-zero
right ideal of R.
Theorem 4.4 Let the S-bimodule map E : R → S be a right Im(G′)-approximation of SS and A =
End S(R). Then
R∗ = HomS(R,S) = E ◦A
as (S,R)-bimodules. If E is non-degenerate, then R∼= E ◦A as (S,R)-bimodules. Conversely, if R∼= E ◦A
as (S,R)-bimodules, then there exists a non-degenerate Im (G′)-approximation E1 : SRS → S of SS.
Proof. Let E : R → SS be a right Im(G′)-appriximation of SS. For any f ∈ Hom S(R,S), there is an
h : RS → RS such that f = E ◦h, and it follows that R∗ = E ◦A, as right A-modules. Observe that E ◦A
is a left S-module, since s · (E ◦ f ) = E ◦ (s · f ), for all s ∈ S and f ∈ A. Indeed, for all x ∈ R, we have
s · (E ◦ f )(x) = s ·E( f (x)) = E(s f (x)) = (E ◦ (s · f ))(x)
Finally, we have a monomorphism R→ A, mapping r to mr : R→ R, mr(x) = rx, and we have an (S,R)-
bimodule isomorphism R∗ = E ◦A.
Now suppose that E is non-degenerate. It is easy to see that E ◦R is an (S,R)-subbimodule of R∗. The
map α : R → E ◦R, α(x) = E ◦mr is surjective. It is injective, since E is non-degenerate: if x ∈ Kerα,
then E(xr) = 0, for all r ∈ R, and xR is a non-zero right ideal of R contained in KerE . Thus α is an
isomorphism of right (S,R)-bimodules.
Conversely, let α : R→ E ◦R be an isomorphism of (S,R)-bimodules, with inverse α−1. Let α(1) = E ◦a
and α−1(E) = b. Then
E = α(α−1(E)) = α(b) = α(1)b = E ◦ma ◦mb = E ◦mab
This implies that E(abx) = E(x), and E((ab−1)x) = 0, for all x ∈ R. Then ab = 1, otherwise R(ab−1)
is a non-zero right ideal contained in KerE . Also
1 = α−1(α(1)) = α−1(E ◦ma) = α−1(E)a = ba
E ◦ma is an S-bimodule map since
(E ◦ma)(sx) = α(1)(sx) = (α(1) · s)(x) = α(s)(x) = sα(1)(x) = s(E ◦ma)(x)
for all x∈ R and s ∈ S. E = E ◦mab = E ◦ma ◦mb is a right Im(G′)-approximation of SS, so E ◦ma is also
a right Im(G′)-approximation of SS. Finally, E ◦ma is non-degenerate: assume that there exists x ∈ R
such that (E ◦ma)(xr) = 0 for all r ∈ R. Then
α(x)(r) = (α(1)x)(r) = (E ◦ma)(xr) = 0
for all r ∈ R, hence α(x) = 0, and x = 0, since α is bijective. 
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